
I 
I' 

1, 

15 / ,. 

JThe Calculus of Residues 
: (Integration) 

[t;,__'.i1 ZERO OF ANALYTIC FUNCTION . . 
~ zcrn of analytic function.f\:) is the value ol z for which .f (z) ,;= o. 
f i~~~!f~ Find 0111 //11: zeros and disc11ss the na/11re of the singularities of 

J(z) =(\/)sin c.~ 1) 

Solution. Poles off (z) arc given by equating to zero the denominator off( ) . . z I.e. z"' 0. 
pole ol order rwo. 1s a 

zeros off (z) are given by equating to zero the numerator off (z) i.e., (z _ Z) sin(-'-)= . 
( ) 

Z-1 Q 

. . I 
⇒ Either z - 2 = 0 or sm -- = O z-1 

⇒ z=2 

⇒ z=2, 

l 
and -- = 111t 

z-I 

I 
z = nrc + I, n = ± 1, ± 2, ......... 

Thus, z = 2 is a simple zero. The limit point of the zeros are given b 
1 y 

z=-+l ( +!+2 nrr. 11 = - , - , .... .. .. .. . ) is z = I. 

~nee z = I is an isolated essential singularity. Ans. 

~4~ SINGULAR POINT 
-;7 A point at which a function/ (z) is not anal . . . cff the function . ytic is known as a singular point or singularity 

For example, the function _l_ h . . z - 2 as a smgular pomt at z - 2 = 0 or z = 2. 

Isolated singular point lf - . . 
within a small circle surrounding ;h- a 1.8 a smgularity off (z) and if there is no other singularity 
the ft t' f e pomt z = a then z - · ·d · • · f me ion (z); otherwise it is c II d . ' - a ts sat to be an isolated smgulanty o 

a e non-isolated. 

For example, the function l (z - l)(z-3) has two isolated singular points, namely z = I and 

z = 3. l(z - l)(z - 3) = 0 or z = \, 3]. 

486 

z 

~ "" o, ;.e., at the points ~=mt . 
'I'' : i.e., the . I ;11 t points z :::--(11 == 1,2,3, ... ). Thu'.1 

1 
_.., ! , ... , z == 0 arc the points of singularity ~ "" (J . n 

, ~ , '3 · " 1s the · , , 2 non-isolated singularity of the func-

J-:- because in the neighbourhood of z = 0 . ·oo re 'there arc mfin·t b 
11 

,in .- 1 c num er of other singularities 

z 
,) , where n is very large. 
, II 

,,;;'..~le of order m. Let a functionf(z) have an is 1 1 d . . 
. ??:a La.'urent's series around z = a, giving · 

0 
a e Smgular pomt z == a,f(z) can be expanded 

rn 
f(z) = ao +a1(z-a)+a2(z-a)2 + ... 

b1 b2 b h + --+---+ + Ill + 111+1 b ? z ( )2 ... --- + m+_ + (I) 
-a z-a (z-a)"' (z-a)"'+t (z-a)"'+i ... ... 

m+I m-,2 - m+3 - , t en re uccs to In some cases it may happen that the coefficients b = b - b - 0 h ( 1) d 

f(z) = a
0 

+a1(z-a)+a2(z-a)2 + ... +-b_1 -+__!!1_,.+ .. . +~ 
. (z-a) (z-at (z-at 

/(z) = ao + at (z - a)+ a2 (z - a)2 + ..... + _I_ {b (z - a)m--1 + b (7 - a)m--2 
. (z - a)'" 1 2 ... 

. . · + b
3 

(z - a)"' ... 
3 + .... + b m} 

then z = a 1s said to be a pole of order m of the function J (z), when m = I, the pole is said to be 

simple pole. In this case 
2 bl 

/(z)= a
0
+a1(z-a)+a2(z-a) + ... +-. z-a 

If the number of the terms of negative powers in expansion (I) is infinite, then z = a is called 

an essential singular point off (z). 
i ~it9]~};,;1,;;fj Define the singularity of a Junction. Find the singularity (ties) of thefimctions 
~'il.:,....,_~::;-.... .:.~- ~ I 

. l 
(i) /(z) = sin -

z 

ez 
(ii) g (z) = z2 

Solution. See Art. 15.2 on page 486 for definition. 

(i) We know that 

(UP. JJl Semester. 2009-2010) 

11 I 1 )n 1 
sin-==---+--5 + .......... +(-! (2 !)l 2n+l 

z z 3!z3 S!z n+ .z 

Obviously, there is a number of singularity. 

sin .!.. is not analytic at z = 0. 
z 

Hence, sin .!.. has a singularity at z = 0. 
z 
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I"· ·- ------- ' / ·~D- sss· I · 1 
'J\.r, :-- e; ~Q~~ /SCU mgu arity of~ at Z = 2rt i. 

r48~~---: ~ 

'.n< · (ii) Here, we have g (z) =? ~ I 
- •;: - rion We have, J(z) = 
i;\\\ j We know that,(_!_)())= ~(1 +..!.+-1-2 +~+ .... +-1-.... +) solu • l - e= 
JH\, z2 z z 2! z 3! z n! z" 'fhe poles are detennined b: putting the denominator equal to zero. 

l:i1ili a·:, + :, +-2-,~-4 +-31 __ ,z-5 + ....... : n! :,, +2 + ~ ., I - ~ : ~=(cos 2nrc + i sin 2mt) = e2mti 

'.,,~·,· b f • · • f z = 2n1ti (n - O ± 1 ± 2 ) Here.f (z) has infinite num er o terms m negative powers o z. -::> , , , ...... 
l !i: Clearly z = 21ti is a simple pole. 
,; .. 

1

. Hence,] (z) has essential singularity at z = 0. 
Tl :, An~. G;~..,,,.-,s~]i" D. . I - cot ru-
:•;.• 1,· e'-a (,.' (J--l_iJ_t ·.:-· tscuss smgu anty of (: -a)2 at z "" a and z = oo. a;-~ m Find the pole of the function ~ ___ _ /r{ "· ·-· . . (~ - a) 

\li Solution. ~ --
1

----=-2 [ 1 + (z - a) +-(z_-_a_)_i + •--] 
;1 ,.: : (z -a)2 (z - a) 2! 
1-:;;.q 
!.;(:! 

Jf: 
;'[ 
; r; 
!··J; 
: i 
•• I 

.; 
; : . ~ 
· :1 I 

The given function has negative power 2 of (z - a). 

So, the given function has a pole at z = a of order 2. 

r.ri;-;;;~:,•;!t:fD Find the poles off(:) = sin (-
1 
-) 

~ -::.; • i · :-a 

Solution. sin(-
1

) = 
z-a 

I I I I I 
-------+-----= - a 3! (; - a/ 5! (z - cd ..... 

The given function f (z) has infinite number of terms in the negative powers of: _ u. 

So,f (z) has essential singularity at z = a. · 

sin(: - a) 
Find /he pale of f(z) = 4 

Ans. 

Ans. 

Solution. Let j(z) = ~- COS7tZ 

(z - a)2 sinrtz(;-a)2 

The poles are given by putting the denominator equal to zero. 
i.e., sin it: (z - al = 0 ⇒ (z - a)

1 
= 0 or sin 11 z"" 0 = sin n11 

z = a, ;r z = n ;i, (n e I) 

~ ==~n 

f (:) has essential singularity at z = 'Yo. 

t\ !so, : = a being repeated twice gives the double pole. 
! I ·, 

CE·i@~ Shall' 1/wt e · (; ) has 110 singularities. 

/ I ·, 
-· . , I 

[(· ) _ e V I =--, Solution. . - - e'1:,·) 

The poks arc detmnined by putting the denominator 

Ans. 

Ans. 

·.'1-i 
}-~ I 

'::;,; 
-.c..,• (z-a) 

sin(z-a) 

(z - a)4 
__ l_[<=-a _(z-a)'

1 

+(:-af _(: - 11 )
7 

_ ] 

;' _1;-·! ... ( 1) 
e\ =· , = 0 

:-:M 

·11 'i 
;!:I 
•j . 

. II 
;I 
)i 
, i • 

·r 
i j 
l ; 

i I 
j 
J 
I 

( - - 4 ) 31 51 71 ~ ...... 
6 a) . . . 

Solution. 

I [ (:: - a}2 (z-a)
4 

(z - a{' ] :; --- 1----+------- + 
(:-a/ 3! 5! 7! ... 

The given function has a negative power 3 of' (z - a). 

So. /(z) has a pole at z = a of order 3. AD!. 
I 

~- Prove Iha/ f(z) = lim e;:;, does not exist. 
:➔ti 

I 

Solution. lim e:-u I. ( I I I ) 1111 I+--+ ,+ 
1

+ ... +----+ .... oo 
z- w z -a 2 ! ( z - a j~ 3 ! ( z - a)· 11 ! (: - a)" 

Herc 11 ➔ ct"J, f (z) has infinitc number or terms in negative power of (z -- a). 

Thus, f(z) has essential singularity at z "" a. 
I 

llcncc,.f (z) .-, Jim e:--,, docs not exist. 
; •~{i 

Ans. 

. fi d th' value·ofz which can satisfy equation (1). 
It is not poss1bk lO n " • Proved. 

. . . I or sinaularity of the given function. 
Hence. th~re 1s no po e <> _,_ 

(z-2) • 
. · n of a junction Expand.[ (z) = e ,n a 

~
- :::.~ - ·:;:-:1,1 D ·/in.• !he la11re11t series expans10 D 2009) 
'""J :l.:.: :1,:.. •. . = 2 (UP , /fl Semesler. ec. -=·•·"-- L1111n;11t series about the point z . 

Solution. H~re. w~ haw 

~ e-;l 
/(:) G 

,: .. 
: 

·' 

I= . .. ,· 

1 , · : 
r · ' 

..... 



_ _1 _3 

= 1-.:..._:___.::_ ········· 
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U~~-jg]_JI Find rhe nature of singularities of 

z -sinz 
f(z)= -~ _3 .. 

l . 
Solution. f(z) = -

3
-(z -sm z) 

z 

at z = 0. 

= ~3 l ~! _ z:! + =;! _ ····J = ¼i- z:! + ~
4

! _ ..... . 
There is no negative power of z; 

Hence. there is no pole. 

D;~;,rp.t:}J.;I Determine the poles of the function z 

1 
f(z)= z4+1 

1 
f(z)= -

z
4 + 1 

Solution. 

The poles ofj{_z) are determined by putting the denominator equal to zero. -
i.e., z4 + l = 0 ⇒ z4 = - 1 

I 1 

z = (-1)4 =(cos1t+ i sin n)4 

I 

Ans. 

Ans. 

= (cos(2n + l)1t + i sin (2n + 1) 1t)4 (By De Moiver's theorem] 

= [cos (2n:l)1t +isin (211:l)Tt] 

Here, the principal part oft(~} 

l 1 \ 
-+--+--+ ... 
I 2 ! t2 3 ! 13 

Contains infinite number of terms. 

Ans. 

I 

Hence t = 0 is an isolated essential singularity of e' and z = oo is an isolated essential 

singularity of cf . Ans. 

,E:XiRCISE 15. i 
find the poles or singularity of th~owing fu~ctions: 

l. (z - 2)(.z - 3) 

3. 
sin z -cos z 

4. 
l 

cot-
z 

5. z cosec z 

6. 
l 

sin-
z 

Ans. 2 simple poles at z = 2 and z = 3. 

Ans. Pole at z = 2 of order 3. 

1t 
Ans. Simple pole at z = 4 

Ans. Essential singularity at z = O 

Ans. Non-isolated essential singularity 

Ans. Essential singularity 



❖ ❖ Introduction to Engineering Mathematics - II 

Choose the correct alternative : 

Let / (z) = 1 , then z = 2 and z = - 3 are the poles of order : 
7. (z-2)4 (z+3)6 

(R. G.l~ V., Bhopal Ill Semester 
• June 2007 

(a) 6 and 4 (b) 2 and 3 (c) 3 and 4 (d) 4 and 6 J 
An,. (d) 

••f■THEOREM 
If/ (z) has a pole at z = a, then I f(z) J-t oo as z -ta. 

P ( L b a Pole Of order m off (z). Then by Laurent"s theorem roo. ct z c.: a e 

fan (z-a)" + I,h,, (;; -af" 
n=ll ,n:.:I 

/(;;) = 

- b I>, 11.m._ 
""a (z - a)"+ ___:i_ + --"'--f + ·· ·· + - nr 
,t.., " z - a (z - a) (z - a) ,, 
- 1 m I [ ( _ )"' 2 
La(z-a)"+--;;[h,(:-a) +•2--a 1- •••• +-h,,,,(: Cl)+b] 
" n (;: - a) ., 

•n II (j)( ;:) L"n (z - Cl) + ---"' 
o (: - a) 

Now 1p(z) -► b"' as:-> a. 

Heni:c I /(z) I -> rr, as z -> a. 

•iMohillN /f (/// {11/l/~Vlic f1111c/i()II ./(:) ho\ <I pnh• of orda Ill (I/ -

t1 :em of order III t1/ ;: - a 

Solution. If/{:) has a pole of order III al z "· then 

"· ii, ·11 I I 
/( ;) 111.1 

J.2_ 
j(z) where 1p(;J 1 ,111,d) lk .ind rwn•/1.:m .ii: ,, 

(z - a)"' 

I (: - a(: 
/(::) <p(:) 

Clearly. 
1
i - has :i zern of order III al : a, \ini:c ¢ ( a J I lJ 

. (:) 

11111 DEFINITION OF THE RESIDUE AT A POLE 

~~-~.c~: 11 be a ~oh: '.if order III of a fun~t~on /(::) and ( 1 1..ir..:le ul r.ithu, r \\rth ecn_1n: al 
- a 11 hrd1 dl>c not u111ta111 any olher s1ngulanllcs except at: a thcn /(:) 1 1111,ily11c 1111h1n the 
annufu, r < :: a " H. and can be cxpamkd within the ,mrrnlu, . laurcni •, scri ·-;. 

/(::) I ti, (:: - a)' ➔ I h (: -a) n ... (I) 
,, ti 

' I 

I j" f(:)c/: 
:!.1tf C (= _a)"• I 

... (2) 

--- ---- - ------- ------

·cularlY, 
part1 

h "' _Ii j(z) d:. 3 " 2 . I ••• ( ) 
1tl C, (:-af"+ 

i: - Ui "' r being the circle cl. 

b ~ _I. 1 f(:) d: 1 2m r· 

• coefficient b I is called residue off(;:) at the pole;;: = a. It is 
fl!"' ·d by symbol 
d~11otc 

Res. (: -- u) - b 
r 

Annu'tlS 

- RESl~U~ ~T- IN.FI.Nl~Y . 
1 

• • . . 

, .·c1uc ot f ( .. )at· "f , 1~ defined a, - -
2

. j /(;;) d:: where the mtecral!on 1 • taken r ur.d 
Jlc5I Jt/ C -

•tockwise direction, where Ci;, a br11c circle containin<> all finite singularities of f(zJ. 
-11-1: - C, -

(10 3" 

.!f11 METHOD OF FINDING RESIDUES 

~l Rc,iduc ut ~implc pole 
(ti 

(/l lf / (:) h:, a ,imp!. p le a·: - a. then 

Re, f(u) hm(:-aJ/(:) 
: •a 

rroof. 
. , b. 

11 ... u(:-a) ... a(:-ai·-'- .. +--
. :-a 

(;: o)/(z)=11 (::-a)-a (:-a,:-'- a2t:-a/+ ... +I~ 

', -1:-a)/(:l-~a (:-ai+a,(:-C1)2 ta1(: - ,I)' t- •• • ] 

T.1k111 • 1111111 : , a. 11c h.l1;: b. = I m(:-a1fi=1 
: . r Re: It~:-= aj ~i~- (: -~}l 

I. j'(-) i-; ufth~ t"1rm {Fl=_:_ \\ha,;: y1al~0, but i;i(a),':0 
<11 , . vl:1 

ruuf . 

11) 
He, (,lf z ~ t1\ = -;;-) 

'/ ,c: 

R,·s ( 11 : 

¢: 
1\11 ;) 

o(:> 
ltm(: -a)jf:l= lim(:-aJ-(_) 
,. ,.., 'V· 

Proved. 

_Jlc:.=::.-~1:nl(j'.!Q(~ar.J--=..(~=--..:a:!.).=.0'7(~~)_+_ ... ..,_I _ (By Taylor's Theorem) 
ltm (:-a)'',, a)+ 
•• ly(a)+(:-a)1v'(a)+ 2! V ( •.. 

l; -al [o(a) + (: -a)cj)' (a)+ ... ] 
-= lim _ )' 

a , (_-a ur"(a)+ ... 
(z-a)IV(O)+. :!_! T 

[since ljl(o) = 01 
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. ¢(a)+(z-a)$'(a)+ .. .' ---._ I!,. ) filA 
hm ~~_.!...-.-e-'---- , ,-,_ _ -- _-;-,1~, fr;~;- Find the residue at z = 

0 
if I 

· ,., :;-a "(1)+ ',,,-,·JI)>•...-,- 0 ZCOS-.-• 'l''(a)+---- - 'I' c ... ,~,_.,.,...,.,. z' 
2! ,,--

$(a) 
Res (at - = a) = --

.. 'l''(a) 

(b) Residue at a pole of order n. lf/(z) has a pole of order n at z == a, then 

1 { d"-
1 

n } Res (at z =a)= --, --;;::T[(z - a) /(z)] 
(n-1). dz z=a 

Proof. If z = a is a pole of order n of function/ (z), then by Laurent's theorem 

2 b, bz b 
f '7)=a +a1(z-a)+a,(z-a) + ... +--+-( 2 + ... +-!I.._ 

\- o - z-a z-a) (z-a)" 

Multiplying by (z - a)", we get 
n ( )n+I ( )n+2 (z-a)" f(z)=a0(z-a) +a1 z-a +a2 z-a + ... 

,..( )"-1 b ( )"-2 + vi z-a + 2 z-a +b3(z-a)"-3 
+, .. +b 

Differentiating both sides w.r.t. 'z' (n - I) times and putting z = a, we get " 

I { d"-
1 

} ⇒ b, = (n -1)! dz"-1 [(z -a)" f(z)] z=a {

dn-1 } 
-[(z-a)" f(z)] =(11-l)!/Ji dzn-1 

z==a 

1 { d"-
1 

} Residue/(a) = -- --_-1 [(z-a)" f(z)] 
(n-1)! dz" 

z==a 

(c) Residue at a pole z = a of any order (simple or of order m) 

1 
Res f (a) = coefficient of -

, t 
Proof. Iff (z) has a pole of order m, then by Laurent's theorem 

b b · b f(z)= a0 + a1 (z - a)+ a2 (z - a)2 ... +-1-+ ~ + ... +---2!!__ 
. z-a (z-a) (z-ar 

If we put z - a = t or z = a + t, then 

J(a+t)=a0 +a1t+a2t2+ ... +~+ bi+ .. . + bm 
t 12 Im 

Resf(a) = bl' Res/ (a)= coefficient of.!. 
t 

Rule. Putz = a + t in the function f(z), expand it in powers of t. Coefficient of ! is the 
ff (z) at z = a. t 

·on, Expanding the function i I 
50Jlltl . n powers of : , we have 

z cos.!. = z [1 _ _!__ J ~ l I 
z 2 +-- -z I 2z 41 4 ..... - --+--

' . .z 2z 24zJ ...... 
. is the Laurent s expansion about 

0 'fhlS z = . 
. f I . . . I 

coefficient o - m It 1s -- So th . I 
1 rhe z 2. e residue of z cos - at z = 0 is - -

z 2· 

Find the residue off (z) == z
3 

~ atz =co. 

Solution. We have, 
ZJ 

f(z)= -y-
z -I 

f (,) a _, ( I r, (1---\-)-1 
~ 1-- z 

z2 

= z (1 + J... + I ) I I 2 4+ ..... =z+-+3+ ..... 
z z z z 

Residue at infinity = -( coeff. of~)= -1. 

ll,jl FORMULA: RESIDUE=~~ (z - a) f(z) 

~~j Determine the pole and residue at the pole of the function f(z) = z ~ 
1 

Solution. The poles of.f{z) are given by putting the denominator equal to zero. 

z-l=O ⇒ z=I 

The function .f{z) has a simple pole at z = I. 
Residue is calculated by the formula 

Residue = lim (z - a) /(z) 

Residue off(z) at (at z = I)= ~~~(z -l)c ~ 1) 
= lim (z)= I 

2'➔1 

;:-: · . .. 
r · l :< ·~ 
No...;_ _ __ •' 

Ans. 

Aus. 

Residue off (z) at z = co_ 
Hence,/ (z) has a simple pole at z = I and residue at the pole is I. . Ans. 

or 

= hm {-zf(z)} 
Z➔oo 

The residue of/ (z) at infinity=_ - 1-. J f(z)dz 
2ltl C 

~ 'W""'~·,·= d h 'due at simple pole of the jimcllon ~~h{~ Determine the poles a: I e resr 

~ f( z) z-
(z-l/(z+2) 
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Sohrtion. The po~e of/(z) are given by putting-the denominator equal to zero. 

(z - 1) (z + 2) = O ⇒ .z - I , I , - 2 
The function/(z) has simple pole at z = - 2 and at z = 1 pole of second orde r. 

Residue of/(z) at z = - 2 is= lim (z+2)/(z) [Residue'= lim ( 
r-->-2 , z-.u z-a)f(z)] 

z-
= lim (z+2) 2 z➔-2 (z-1) (z+2) 

I
. z1 (-2)2 4 

= 1m---r , ==-9 ,--l(z-1) (-2-lt 

Hence, residue at simple pole is ~ -

■§jjjjjjjd Find the order of each pole and residue at it of __ I -
2
= . 

-<~-1) (.:-2) 

l-2z 
Solution. Let / ( z) ( 2 z(z-1) z- ) 

The poles of /(z) are given by z(z - I )(z - 2) = 0 

=> z = 0, I, 2 all are simple poles. 

Residue of j(z) at ( I. ( 0 /( 1· =0- 2=> z = 0) = 1m z- ) z) = 1m --'---'--
z-,O hO .:(z-1) (.:-2) 

l-2z I = Jim =-
:-+O (z-1) (z-2) 2 

Residue of j(z)at(z= I)= lim(z-1)/(.:)=lim (z-l)fl-
2
.:) 

z-,J :➔ I z(.:-1) (.:-2) 

Residue of f(z)at(z=2)= lim(z-2)/(z) =lim <=- 2H
1
-

2
=! 

z--,2 ,-.2 z(:-1) (.:-2) 

= Jim l-2z = _I 
z-,2 z(.:-1) 2 

J- 1-l,m-..:::._ __ I 
; ,I ;;(:-2) 

Ans. 

Hence, the residues off (z) at z - O, z = 1 and z = 2 arc _!_, I 3 
2 

and - 2 respcctivcly. AO\. 

•ijj,jmjjjj Determine the residue of j(z) = =
1 

_ . (;; - JJ 4 (z _ 2)(.: _ 3) at II.\ \lfll[Jle polrr. 

~-lotion. The poll:s o(f f (z) ~re determined by putting the denominator t.:4ual to zero. 
z - 1) (z - 2) (z 3) o 

⇒ . :: - I, I, I, I and z 2 and .: 3 

The simple poles of the function/ (z) arc at z - 2 and - = 3 
Pole at z , 2 - · 

Residue, R (2) Inn (:: - 2) ----;,--.:...=
3 
__ _ 

:-.2 (z-1)4(z-2)(z-3) 

[Residue R (2) - hm [(.: - 2) _((:)] 
.: ~,~ 

== lim z
3 

Z-+2~)4 :~ 
(z - 3) (1)4 = - 8 (-1) 

R (3) = Jim (z - 3) zl 
\le5idue- ,....,3 ~ 

·" -1) (z - 2)(z - 3) 

= lim~ (3)1 
Z-+3(z-J)➔ (7 - =--'---- :::27 

- 2> (3- 1)4 (3 - 2) 16 

residue at z = 2 and z = 3 are_ 8 d 27 
t1ence, an - . P 16 respectively. 

g~~
1
1lii'•d• Evaluate the residues of z

2 

show that their sum is ze~~-l)(z-2)(z-3) at z = I, 2, 3 at infinity and 

z2 
· n Let/(z)= ~----

soJutio · (z-l)(z-2)(z-3; 

T
he poles off (z) are determined by puttino the d . , 

0 enommator equal to zero. 
:. (.: - I) (z - 2)(z - 3) = o 
=> .: = I, 2. 3 

Residue or f (.:)at(.:= I) = lim (:-1) /(:) .-,, 

Rc,iJuc ol)(z) at(.: = 2) 

Residue ol'/(:) at(:= 3) 

Residue off(:) at(.:= -xi) 

= lim(:-1) ------
:-,1 . (:-)) (;-2) (:-3) 

= lim---
:-1 (:-2) (:-3) 2 

lim (:-2)/(:J 
=-~ 

--= lim (:-2) -
:-,: (:-1) (:-2) (:-3) 

- ➔ 4 hm---=--=-
:->c (:-1)(:-3) (1)(-1) 

- lim (:-3) f(:J 
,:-tJ 

-= !1.'..1 (:- 3) (:-IJ(:~2)(:-3) 

r -, - ~ 
:~ (;-1)(:-2) - 2 

-::(:2) 

-'~~ -= f (;) = (;-1) (;-2)(:-3) 
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Sum of the residues ut all thl' poles of/(z) 

I 9 
--4+--1=0 
2 2 

Hence. the sum of the residues is zero. 

~'if?7 FORMULA: RESIDUE OF /(at • =a)= lim _J__ {.!!:..:.!.__ I(· • } 
t / ,~. (11-I)! d.n-1 ~ -a) /(;:)I 
~ _ _ j 

~ ---·~•l \'!il; i1 Find the residue of a function ' "• 
~ . 

, 
f(z) = ~-

. (z + I)" (z - 2) at its double pole. 

Solution. We have, 
,.2 

/{z) = ~ 
(z + l)"(z - 2) 

Poles are detennined by putting denominator equal to zero. 

i.e.; (z + 1)2 (z - 2) = O 

⇒ z = -1, -1 and z = 2 

The function has a double pole at z = -l 

Residue at (z = -1) = lim -
1-[!!__ {(z + 1)2 z

2 
}] 

z->-1 (2 - I)! dz (z + l)2 (z _ 2) 

= [ !(z~JL_
1 

= ((z-2)2z-z
2 •1) 

(z - 2)2 

. z=-1 

= [z2 -4z] = (-1)2 -4(-1) 
(z - 2)2 

_ (-1 - 2)2 
Z--1 

Residue at (z = - 1) = ~ =1 
9 9 

Find the residue of 1 at z = i 
(z2 + 1)1 • 

Solution. Let f I (z) = --r---
(z + 1)3 

The poles off (z) are determined by uttin . 
i e · 2 · P g denommator equal to zero . . , (r + 1)3 = 0 . 

⇒ (z + i)3 (z - i)J = 0 
⇒ 

z = ± i 

Ans. 

the residue of the given function at z = i is - 3i. 
Bence, 16 

Ans. 

. FORMULA: RES. {AT z = a) = ~~a) 
,~ I/ 1jf(a) ,,r, 

,::;:~~ -~;{; Determine the poles and residue al each pole of the function J (z) = cot z. 
u::..• J>J)JJd'··" " ~:.;.:,:......'"'-· .. 

(AKTU, 2016, 2017) 

Solution. 
cosz 

f(z)=cotz=-.
sm z 

The poles of the function f (z) are given by 

sin z == 0, z == nn, where n = 0, ± !, ± 2, ± 3 ... 

. _ ~=~==! [Res.at(z=a)= lj>~a) 1 
Residue of/ (z) at z = nn 15 - d . cosz 'JI (a) 

-(sm z) 
dz 

fi · d sidue at the poles. A¥ffjZ ·;f'½'~I Determine the poles of the mctron an re 
~,-,--.,:_lJ,.,,,.-;;, 

Solution. 

f (z) = si~z 

f(z) = si~z 
z=nlt 

Ans. 

. sin 7 = O = sin mt ⇒ 
Poles are determined by purtmg -

Residue = ( is; L"" 
f . <l>(a) l L Residue= 'l''(a) j 

mt 
::: ---;;-

(-I} 
. /llt 

. function at pole z = mt 1s ( l)" 
. of the given -

Hence, the residue 

Ans. 

- ' 

=·· 

·' 

. ... 
• · = 

,., ' 

. \ I • .. · ,.-.; 

----------- . ----...---------
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I 

nJ:IBI FORMULA: RESIDUE = COEFFICIENT oF t 
.1 

where z = 1 
_3 

1Es:f':itt%1 Find the residue of (z _ 1)4 (:-- l)(z _ 3) at a pole of order 4. 

Solution. The poles of_/(z) are determined by (z - I )4 (z - 2) (z - 3) == o ⇒ 
Here z = I is a pole of order 4. 

~J 

.f{z) = (z - 1)4 (z-- 2)(z - 3) 

Putting z --: I = t or z = 1 + t in (I), we get 

(I+ t)J 
f( I + t)- -_;__~

- t4(t-l)(t-2) 

l J 2 -I 1 ( t )-I = -(t +3t +3t+l)(l-t) - l--
t4 2 2 

101 
Hence, the residue of the given function at a pole of order 4 is 16 -

. z ze 
•~==•;,a Find the residue off (z) = ---3 at its pole. 

(z-a) 

Solution. The pole off (z) is given by (z - a)3 = 0 i.e., z = a 

Here z = a is a pole of order 3. 

Putting z =a= t where t is small. 

f(z)=~ ⇒ J(z)= (a+t)ea+t =(E.+..!_)ea+t =ea(E_+..!_)e' 
(z-a)3 t3 13 t2 13 r2 . 

z '= I, 2, 3 

... (I) 

Ans. 

(z == a + t) 

I "(a ) -e -+I 
,·eot of 7- 2 

,jfiiil 

(i1" . u ( (I ) 

Sidue at z = a 1s e -+ 1 i.c re 2 e (JI 

1ll11C 

~-,.,..,~ Find the sum of the residu . if 
.,,. · W/.-1~ es O thefi · 

An.~. 

/- 1 ·1• , · ,- unclirJn f(z)- sm z -- . the circle I z I = 2. z cosz at llr pole.1 in.11de 

llltiOJI• 
so 

We have, 
y 

/(z)= ~ 
z cosz 

ole can be determined by putting denominator -,~-;:::9---o-h .. 
fbe P z cos z = 0 X' 0 2 X 

z = 0, ±.!:, ± 31t 2 2 , ...... 

e poles only z == 0, z = ± !!.2 lie inside a circle I z I = 2 
~~ . 

Y' 

0 · I' I f ( . sin z . off(z) at z = 1s 1m z· z)\ = hm-=o 
Residue z--+O ,--,o cos z ... (I) 

1t . 
'due of/(z) at z = 2 is 

Rest 

(Form%] 

( z - ~) co; z + sin z 
I
. 2 
lffi . [By L' Hopital's Rule] 

z➔.!: cos z - z sm z 
2 

I 2 -=--
1t 7t 

2 

7t . 2 
Similarly, residue of fi.z) at z = - •ts 7t 

2 2 
Sum of the residues == 0 - ~ + ~ = O. 

EXERCISE 15.2 . 
. . f" d the order of each pole. 

l. Determine the poles of the following functions. Ill 

(i) z2 Ans. Simple poles at z = a, z = b, z = c 

... (2) 

... (3) 

Ans. 

(ii) z -3 

(z-a)(z-b)(z-c) I of firs! order. 

I t 
= ? of second order and z = - . . 

Ans.Poe a z -

(z-2)2(z+l) 

--- - .. 

'~ ~; 

I 

I 
; 
.[ 
l 

'i . . 
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----'-· .--~------
;ei:= 

(iiil-;r;} 

I 

(iv) (z-~ 

.Find the residue of 
ZJ 

at its poles. 
2· (z-2)(t-3) 

I . 
4. , , 2 2 at z = ia 

(z" + a ) 

S. tan z at its pole. 

6. z2e 11' a\ the point z = 0. 

at z = i 

CZ: 
9. --. at its pole 

1- e· 

I+<'= 
10. - .----- nt z"" 0 

sm: + :cos ~ 

I 
II. ·--. - at its poles 

:(e" -1) 

Choose the correct nnswcrs: 

Ans. Poles at z = ± i a, order I. 

Ans. z = 2, z = 1 

Ans. 27, - 8 

I 
Ans. -la 

2 

i 
Ans. --3 4a 

Ans. -1 at its poles/ ( n + ~) 

' Ans. 6 

Ans. -I 

Ans. - I 

Ans. I 

I 
Ans. --:;-

12. The i'unction/'(z) '" {sin(; )}- t has multiple poks all of whi,h arc isolated sin~ularit} 

(i) False (ii) True (iii) Parti ,,lly truL· 

13. The r~siduc of a function can be evaluated only if the pole is an isolated , inftil,,rity. 

. • I") None of thc,c 

~ 
(1) !rue (ii) False (iii) Part,·,,111\· 1· •. ,I,,· 

~ ~ An,. (1) 

, ;~ :?,.~ RE~IDUE THEOREM 

~ 11 r (.:) IS ,lllalyltl' Ill a ..:losl!ll ·un- ' C • . . • fi ' 

f 
_ . • _ J • · • c c , cx~cpl at a ml\! number of pok, \\ 1thm ( ·. then 

,· I (:J d~ - .1t, (sum of residues at the poles within C). 
~ . ' 

·, . ~•,Proof. Let c. C C C , . . . cJ1;.,., ·tt . . I 2' · -1 ..... !' b1: the non-111tl!rs.::ct111g circks with 
· · ",• a,. 11 , .... . " n:spccllvclv and r · 1 

entirely within the clnsed '~u~-. C Th: . - ra~ II so sma I that they lie 
cnnncercd r,·Qinn lvinn b·t\l·' .. ch.. en/(_) is analyltc 111 the multiple 

- • "' " ccn t e curves C and c , c C C ' ~~ :l .. .. , ,,· Ge., w 

~---•• I --.·· 

Proved. 

where c is the circle [z[ == l. 

fhe poles of the integrand are gi , b 

50
1t1tiofl• · tor equal to zero \ en Y putting X' 

dcno[11 ina . 1 x 
tile z(2 - z) = 0 or z = O, 2 ,_,r--::ffi..---l~ 

rand is analytic on I z I = I an<l all . . , jntcg 
1 

. • . points inside 
111~ • "" o. as a po c at z = 0 1s inside the circle 1 _ 1 _ 

cert* I • - J. 
t' . b)' residue theorem 
H~ricc I+ z 

J -d: = 2rti [Rcs/(O)J 
,. ;(2-z) 

. I+: . l + : 1 

d ((0) =- hmz . . ,, , = lim--=-
fl.:si ue . :--,o : ( .c - : ) :-,n 2 _.:: 2 

. the value of Residue /(0) in 11) we get 
pu111ng , ·' 

1 +: I I ' J --- d:=2ni 1- !=ru 
':(2-:) \2 ) 

~ l·,'n1hwtc the )(>/lowing imegral using residue theorem 

J 
4- 1-- - dz 

,· .:(:: -1)(: - 2) 

ll'heri: c is rhe circle i: i = I. 
2 

Y' 

... ( 1) 

Ans. 

Solution. The poks of th~ function /(:\ are gi,en by equating the denominator to zero. 

=l= - 1)(: - 2) = 0. : = 0.1 ,2 

The functinn has poles at.:: = 0.: = l and:= 2 ot ,,,.hich the given circle encloses the pole . 

at : ' 0 anJ :: · I. y 

Residue of}t:) at the simple pole::= 0 is 

4 - J: . 4-\-
lim: --· - - --- ·= l1m . . ~ 
, - ,(I :(: - 1)(:-2) , -,,1t:-lll:-.) 

X 

4 - 0 
"' - - - --- --- - 2 

X' 

(0 -1)(0 - 2) 

Residue off(:) at the simple: pok =; I is 

. 4-3: . ~-..0...=-1 
hm(.:-1)---:--=h~_ --1)- 1'1-2) 
:-•I :(:-1)(:-2) , ~, .(. - \ 

Y' 

By Cauchy's int1:gral formula 

___ l 
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Jcf(z)qt == 21ti x sum of the residue within c 

:= 27ti X (2- \):: 27ti 

If ,@\WI ivaluate 
r J2z - 7 dz, where c is the circle 

Ans. 

Jc (z -1}" (2z + 3) 
(UP. /l/ Sem r • van 20JJ) 

(i) izi=2 
12z - 7 

Solution. We have, f(z) = (z- 1)2(2z + 3) 

Poles are given by 
d 3 ( . 

:;: = 1 (double pole) an z = - 2 simple pole) 

y 

X' 

= 60-10=50=2'.:i 
25 25 f 

y 

Residue at ~imp le pole ( z = -¾) is 
y 

R Ii ( 
3) 12z-7 = m z+-

2 z--+-312 2 · (z - 1)2 (2z + 3) 

= Jim .!_. (12z - 7) = _ 2 . 
z➔-3/2 2 (z -1)2 . 

(i) The contour I zl = 2 encloses both the poles l and -¾. 
:. The given integral = 21ti (R

1 
+ ~) = 21ti (2 - 2) = O. Y' 

(ii) The contour I z + i I= ✓3 is a circle of radius ✓3· and centre at z = - i. 'The distances 

, 3 /13 
of the centre from z = l and - 2 are respectively ✓2 and ~¥. The first of these is < .fj and 

the second is > ✓3. 

:. The second contour includes only the first singularity,..z = l. 
Hence, the given integral = 21ti (RI) = 21ti (2) = 41ti 

ikii::Mlfl Evaluate the complex integral . 

f cothz dz 
c (z - i) , c :I z I= 2. 

Ans. 

J 
z= 

( 
") C ( Z -z -dz .,t1oll• c z - ' e - e )( z - i) 

So1 f the integrand are given by 
1es o 

'flleP0 c/-e-z)(z-i)=O 

i - e-z = 0 and z - i = O i e 2z .. e ::) ~ -
;.e. z = 0 and z = i z - 0 and z == ; 

oles are inside c : I z I = 2. 
tb tbC p 

00 . e' -z 

tz
=i)=ltn~(z-i) +e _e1+e-; 

·due (a z-H ( z -z) ---jleS1 e -e (z-i) e' -e-; "'coth i 

d the residue at z = 0, we apply $(z) meth d 
fo fill 'I' (z) 

0 

z-i $(z) _ ~ 
z -z' '( --...c.._. e -e 'I' z) . e' +e-z 

l+l 

_ [ $(0) ]- 0 - i -1 . 
Residue [at (z - O)] 'V'(O) 1 + 1 - ; - i 

f the residues = coth i + i 
surn 0 

C
auchy's Residue Theorem 

BY 
LJ(z)dz = 21ti x Sum of the residues 

J cothzd 2 "[ h' .] ---:- z= mcot 1+1 
C z-z 

Ans. 

dJ•\iffl Determine the poles of the following function and residue at each pole: 

z2 
f ( z) == 

2 
and hence evaluate 

(z-1) (z+2) 

J 
z2 dz where c: I z j = 3. (R. G.P. V. Bhopal, Ill Sem. Dec. 2007) 

c (z-1)2(z+2) 

z2 
Solution. f(z)== (z-l)2(z+ 2) 

Poles of/ (z) are given by (z - 1)2 (z + 2) = 0 i.e. z = l, l, ~ 2 
. 

The pole at z = 1 is of second order and the pole at z = - 2 is simple. 

, I d (z-t/z2 

Residueof/ (z)(atz= i)= ~~ (2-l)!dz(z-1)
2
(z+2) 

d z2 . (z + 2) 2z - I .z 
lim--=hm 22 = z➔I dzz+2 z➔l (z+) 

2 +4z 1+4 _ ~ z -----=--
= lim ----=-2)2 - (l + 2)2 9 

z->I (z + 

2 



.. ""tim ~= lim _z_2_ 
-, of/(J) (at z - 2) ,_._2 (: _ 1)2(; + 2) :-t-2 (z _ 1)2 

4 4 
== =-

(-2-1)2 9 

f =2
dz = 21ti (~ + i)::: 2rti 

c(z-1)2(z+2) 9 9 
Ans. 

1 e''d 

1t1 z (z· + 2z +2) IIIIIIII·•■• Using Residue theorem, evaluate -2 . fc 2 
, z 

( U.P., III Semester. D , ec. 2009) where C is the circle I z I = 3. 

Solution. Here, we have 

1 J e='dz 
2rci Cz2(z2+2z+2) 

Poles are given by 

z = 0 (double pole) 

z = - 1 ± i (simple poles) 

All the four poles are inside the given circle I z I = 3 

d e'' 
Residue (atz = 0) is lim -z

2 
-----=➔ 0 dz z2(z2+2z+2) 

. d e'' = hm---
z➔ o dz z2 + 2z + 2 

= lirn (z 2 +2z+2)te'
1 
-(2z+2)e'

1 

z➔ O (z2 +2z+2)2 

2te°-2e0 (t-1) 

4 2 

Residue (at z = _ I + i) 
= lim (z+l-i)e'

1 

z➔ -1+i z2 (z+l-i)(z+l+i) 

⇒ 

⇒ 

⇒ 

⇒ 

⇒ 

y 

Y' 

z2+2z+2=0 

z2+2z+l=-1 

(z+ 1)2=-i 

z + I = ±i 

z=-l±i 

= Jim e'1 /-l+i)r 

z➔ -t+i z2 (z+l+i) = (-l+i)2 (-l+i+l+i) 

/-1+1)1 /-l+i)t 

(l-2i-1)(2i) =-4-

Similarly, Residue at (z = - I - i) = /-l-i)1 

4 

f 
e'1 

2 ( 2 dz - 2 1t · (S z z + 2z + 2) :- 1 um of the Residues) 

I f e'1 ⇒ 2rci 2 ( 2 dz=~ e<-I+i)t e<-t-i)1 
z z +2z+2) 2 +-4--+ --4 

/ "'-+:._ I 
2 4 (,/ +e-") 

t-1 -, 
"'-+e 

2 4(2cos1) 

t-1 -1 

== 2+Tcos1 

--

Evaluate f _!__ d 
c sinh z z, where C is th . e circle I z I = 4. 

S 
wtion, Bere, /(z) = _!_ 

0 sinh z · 

poles are given by 
sinh z = o 
sin iz = o 

~ z = nrri where n is an inte 

out of these, the poles z = - rci, 0 and rri Ii . . ger. . 1 e inside the circle I z I = 4. 

T
he given funct10n --.-h- is of the c0 $(z) sm z 1,rm ~ 

\jl(z) 

- . q,(a) 
Its pole at z - a 1s 'l''(a) . 

Residue (at z = -rci) 

-----=----- 1 
cosh (-1ti) - cos i(-1ti) 

I 
= -1 = -1 

Residue (at z = 0) = -
1
-=!= t 

coshO I 

cos 1t 

Residue (at z = ni) = 
1 

----=---cosh (1ti) cosi (1ti) cos (-it) 

I 1 = -=-=-1 
COSlt -\ 

X' 

Y' 

Ans. 
Residues at - rci, ~, ni are respectively -1, l and -1. 

Hence, the required integral= 2rci (-1 + l - I)= - 2rci. 

•i§@rnfrj Obtain Laurent's expansion for thefimctionf(z) = ~ at the isolated z smh z 

singularity and hence evaluate ,r_ ~dz, where C is the circle 
'fez smhz 

I z -11 = 2. 

I 2 
Solution. Here, f(z) = ~nh = 2( z -z) z s1 z z e -e 
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2 

= ~( -2 ~_3 )-;--( -:--~ _~.1 )] 

z2 1+=+1, +~!+ ... - 1-=+ i! -1 + ... 

2 

y 
0 

1 ~ --- !+-+-+ ... 
( 

_2 _4 ) ~,., 
'<", 

- 3! 5! 

= = -3 ( I -=: - t2: + ... ) 

-1 

= z -
3 

- \ - I ~O + ... 

I I z 
fl.=)= 3- 6= -120 + ... 

which is the required Laurent's expansion. 

X' 

Only pole = = O of order three lies inside the circle c = I z - 11 = 2. 

Residue off(=) at (z = 0) is 
I 

= coeff. of~ in the Laurent's expansion off(z) = - 6 

Y' 

1i9j\\j,jifl Evaluate the complex integral J, ca::(z) where c is lzl = 2. 

I 2 2e= 
Solution. /(z) = cosh(z) = e= + e-z = e2= + l 

Poles off (z) are given by 

⇒ 

e2=+1=0 ⇒ (e=+i)(e'-i)=0 ⇒ ez=i,-i 

!!.; 
e= = e 2 , 

_!!.; 
e= = e 2 

7t. 7t. 
⇒ z= 2 1, z=- 2 1 

The poles which lie within the contour lzl = 2 are 

7t -Jti 
z=-i and-

2 2 

X' -2 

y 

Y' 

'1 
~ 

«' 

2 
X 

Ans. 

2 X 

Residue of/ (z) atz-- -( ni) l 2ez l 
- 2 - ! (e2z +l) z=~i 

2 

[ 
. $(a) ] 

Residue= 'V'(a) 

J f(z)dz =: J dz 
C ---2,r 

c coshz - , lsurn of . 
dz residues] ,. 21ti ( i -1) = 0 

Evaluate J - . c . 
c z sin z . is the unit circle bo .. 

a ut ong,n 1 I . 
- = ~ 

sotution- z sinz [ z3 zs ] =:s-,L_ 
z z--+ 2[ 2 4 ] 3! 5!-... z 1-.:...+.:..._ 

3! 5! ... 

= _!__[1-(~-~ )]-I I [ ( 2 4) ( 2 l z
2 

6 120... :::! I+ ~-!__ + _c_~ ) 
6 120 6 120... . .. 

1 [ z2 z4 z
4 

] , = - 1+---+ I I 2- 4 
z2 6 120 36+ ... :::2+~--+~ 

1 I 7 2 = -+-+-z 
z2 6 360 ··· 

z 6 120 36 ... 

This shows that z = 0 is a pole of order 2 for the function ~ and the residue at the pole 
1 z smz 

(coefficient of - ). 
is zero, z 

Now the pole at z = 0 lies within C. 

J-~-dz = 27ti (Sum of Residues)= 0 
c zsmz 

Ans. 

¥@ Evaluate ,r, - 1- dz where C is triangle with ve11ices (0, I), (2, -2), (7. I). li?IIH'I' 'Ye z2 sin z ' 

Soluiton. Here, 
I 

f(z) = -.-. 
=2 

Sill Z 

Poles are given by z2 sin z = O 

⇒ 
z = Q (double pole) 

and z = mt (n = I, 2, 3, ... ) 

Only z = n lies inside contour C. 

Residue (at z = n) is 

y 

-2 (2, -2) 



I 2 
(II) - - (II/) 3 

the pole, or£e ftmction/(z) = cot z, equals, 

(/{) t (iii) -I 

ftmctlon (z - I) sin ; at z = 0 has 

removable singularity 

euential singularity 
( ii) a simple pole 

(iv) a multilc pole. 

2 
(iv) - -

3 

(iv) 27ti 

IVALUATION OF REAL DEFINITE INTEGRALS BY C0NTouR INJEGRAlioN 

large number of real definite integrals. who1;c evaluation hy usual methods h. 
etimes very tedious, can be easily evaluated hy using Caurhy· theorem of residues. 

1
. 

1
:conic 

som d (' 1· I I I ,· I ,. · or locJ,n,, th integrals we take a close curve . me I 1c po cs o t 1e um.: 11011 / (::) and l"alculatc ... 
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The poles are given by putting the denominator equal to zero. 
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fi(x) dx where "(x) and ~(x) are polynomials Jn x. 
-oo f2(x) J1 2 

Such integrals can be reduced to contour integrals, if 

(i) J;(x) has no real roots. + y 

Procedure: Let f (x) = Ji (x) : 2i CR 
f2(X) : . 

(ii) the degree off;cx) is greater than that ofli(x) by at least twCEjo.: 
I I 

Consider fcJ(z)dz X' c A o R ►X 

where C is a curve, consisting of the upper half CR of the circle \ z \ = R, and part of the real axis 
from - R to R. 

If there are no poles off (z) on the real axis, the circle I z I = R which is arbitrary can be 
taken such that there is no singularity on its circumference CR in the upper half of the plane, but 
possibly some poles inside the contour C specified above. 

Using Cauchy's theorem of residues, we have 
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